We propose new textures for the fermion Yukawa matrices which are generalizations of the so-called Stech ansatz. We discuss how these textures can be realized in supersymmetric grand unified models with horizontal symmetry SU (3) H among the fermion generations. In this framework the mass and mixing hierarchy of fermions (including neutrinos) can emerge in a natural way. We emphasize the central role played by the SU (3) H adjoint Higgs field which reduces SU (3) H to U (2) H at the GUT scale. A SO(10)×SU (3) H model is presented in which the desired Yukawa textures can be obtained. The phenomenological implications of these textures are thoroughly investigated. Among various realistic possibilities for the Clebsch factors between the quark and lepton entries, we find three different solutions which provide excellent fits of the quark masses and CKM mixing angles. Interestingly, all these solutions predict the correct amount of CP violation via the CKM mechanism, and, in addition, lead to an appealing pattern of the neutrino masses and mixing angles. In particular, they all predict nearly maximal 23 mixing and small 12 mixing in the lepton sector, respectively in the range needed for the explanation of the atmospheric and solar neutrino anomaly.
Introduction
In the last years the interest for the issue of neutrino mass generation has been renewed, especially by the SuperKamiokande data on atmospheric neutrinos [1] . These data can be explained by ν µ − ν τ oscillation within the following parameter range (at 99 % CL): δm 2 atm = (1 − 9) × 10 −3 eV 2 , sin 2 2θ atm > 0.8
(the best-fit values are δm 2 atm = 3 × 10 −3 eV 2 and sin 2 2θ atm = 0.99), while the explanation through the ν µ −ν e oscillation is strongly disfavoured [2] . On the other hand, the solar neutrino data [3] can be interpreted in terms of ν e oscillation into ν µ , ν τ , or their mixture within the following parameter range [4, 5] : 
(the best-fit values are δm 2 sol = 5 × 10 −6 eV 2 and sin 2 2θ sol = 7 × 10 −3 ), the so called smallmixing angle MSW solution [6] . 3 Therefore, the experimental data provide a strong evidence that like charged fermions, also neutrinos have masses and weak mixing. Namely, barring the less natural possibility that the neutrino mass eigenstates ν 1,2,3 are strongly degenerate and assuming that m 3 > m 2 > m 1 , the δm 2 ranges in eqs. (1) and (2) 
which indicates that the neutrino mass ratio m 3 /m 2 is similar to that of charged fermions, m τ /m µ or m b /m s . However, the neutrino mixing pattern inferred from (1) and (2) is drastically different from the well-established structure of the Cabibbo-Kobayashi-Maskawa (CKM) mixing of quarks. The explanation of the fermion flavour structure is one of the most challenging problems of particle physics, and the neutrino case constitutes a part of this issue. In the standard model the charged fermion masses emerge from the Yukawa terms: 4
where q i = (u, d) i , u c i , d c i and l i = (ν, e) i , e c i are the quark and lepton fields of three families (i = 1, 2, 3), and H u,d are the Higgs doublets, with the vacuum expectation values (VEVs) v u,d determining the electroweak scale, (v 2 u + v 2 d ) 1/2 = v W = 174 GeV. There is no renormalizable term that gives rise to the neutrino masses. However, the latter can get Majorana masses from the lepton-number violating higher order operator
which is cutoff by some large scale M L , e.g. the grand unification or Planck scale [7] . 5 Hence, the charged fermion masses are ∼ v W and the neutrino masses are ∼ v 2 W /M L which makes it easy to understand why the latter are so light.
The quark mixing is originated from the misalignment between the Yukawa matrices Y u and Y d . Analogously, the neutrino mixing is due to misalignment between Y e and Y ν . In particular, one can choose a basis where Y u and Y ν are diagonal, Y u = Diag(Y u , Y c , Y t ) and Y ν = Diag(Y 1 , Y 2 , Y 3 ). In this basis, the quark and lepton mixing angles are determined respectively by the form of Y d and Y e which in general remain non-diagonal. The latter are to be diagonalized by the bi-unitary transformations:
with the unitary matrices U d,e rotating the left handed (LH) states and with U ′ d,e rotating the right handed (RH) ones. Thus, in this basis the CKM matrix of weak mixing between the physical quark states (u, c, t) and (d, s, b) is V q = U d , while the matrix V l = U † e determines the properties of the weak current between the charged leptons (e, µ, τ ) and the neutrinos. Namely, V l relates the neutrino flavour eigenstates (ν e , ν µ , ν τ ) to the mass eigenstates (ν 1 , ν 2 , ν 3 ), and describes the neutrino oscillation phenomena.
The unitary matrices
are usually parameterised as [9] : (8) where s ij (c ij ) stand for the sines (cosines) of the three mixing angles θ 12 , θ 23 and θ 13 while δ is the CP violating phase. (In the case of Majorana neutrinos, the lepton mixing matrix contains two additional phases δ 2,3 , factorised out as V l · Diag(1, e iδ 2 , e iδ 3 ), which, however, are not relevant for neutrino oscillations.) In the following, we distinguish the angles and phases in V q and V l by the superscripts 'q' and 'l', respectively.
The explanation of the fermion mass and mixing pattern is beyond the capacities of the standard model. The Yukawa matrices Y u,d,e , are arbitrary complex 3 × 3 matrices, not constrained by any symmetry property. Concerning the neutrinos, apart from the Yukawa factors Y ν in (5) , also the lepton-number violation scale M L is an arbitrary parameter. The magnitude of the latter can be inferred from the mass value m 3 in (3). Namely, from m 3 ∼
which is rather close to the GUT scale M G ∼ 10 16 GeV. In particular, the normalization of the operator (5) if the effective coupling constant Y 3 is large. E.g. in the context of the seesaw mechanism [8] One aspect of the flavour problem is related to the inter-family mass/Yukawa hierarchy among fermions [10] . For example, the top Yukawa constant is Y t ∼ 1, while the first-generation constants Y e,u,d are much smaller, ∼ 10 −5 . Concerning the neutrinos, they also seem to indicate a mass hierarchy similar to that of the charged fermions. In particular, eqs. (3) show that the ratio Y 3 /Y 2 lies in the range 10 − 60. There are no data restricting the ratio Y 2 /Y 1 , but it may also be large. For the sake of comparison, the mass ratios between different families are summarised in the Table 1 .
On the other hand, the mixing structure is very different between quarks and leptons (see Table 2 ). The most striking feature is that the atmospheric neutrino data favour the nearly maximal 23 mixing of neutrinos, while the 23 mixing of quarks is very small. On the contrary, the MSW solution implies a very small 12 mixing angle for neutrinos as compared to the sizeable 12 angle of the Cabibbo mixing for quarks.
It is widely believed that the fermion flavour structure can be understood within the context of the grand unified theories with horizontal symmetries. The latter acts between the fermion families and thus can help to constrain the form of the Yukawa matrices Y u,d,e,ν . In particular, it can dictate the hierarchical and closely aligned structures of Y u and Y d and thus simultaneously explain the large mass splitting among different families as well as the smallness of the quark mixing angles. However, the origin of the large neutrino mixing is not a priori clear. Thus, the crucial point that must be explained by any realistic flavour theory is the dramatic difference between the quark and lepton mixing angles. 6 In a previous paper [13] we have outlined that such a complementary pattern of quark and lepton mixings can naturally emerge in the context of grand unified theories. In the SU (5) model the quark and lepton states of each family are combined in the multiplets5 i = (d c , l) i , 10 i = (u c , e c , q) i , and the Higgs doublets H u and H d fit respectively into the representations q (uark) l(epton) θ 12 12.7 ± 0.1 2.4 ± 1.0 θ 23 2.3 ± 0.1 45 ± 13 θ 13 0.21 ± 0.03 < 15 (1) and (2), while the upper bound for θ l 13 comes from the combination of CHOOZ [14] and atmospheric neutrino data [2] . The values of θ q 12 , θ q 23 and θ q 13 reflect the present data on |V us |, |V cb | and |V ub /V cb | [9] . The last two values depend on the renormalization scale and for µ = M G they should be scaled by a factor B t , i.e. become smaller by (10 − 30) % .
H ∼ 5 andH ∼5. The terms responsible for the fermion masses read as:
where the Yukawa constant matrices G u and G ν are symmetric due to SU (5) symmetry reasons while the form of G is not constrained. After the SU (5) symmetry breaking these terms reduce to the standard model terms (4) and (5), with
Hence, in the basis where the matrices G u and G ν are diagonal, the rotation angles of the LH leptons coincide with that of the RH quarks: U e = U ′ d , and vice versa,
(One has to remark, that in grand unification the rotation angles of RH states also have a physical sense as they define the fermion mixing in B-and L-violating currents.) Hence, if G 23 ∼ G 33 while G 32 ≪ G 33 , the large 23 neutrino mixing will occur together with the small 23 mixing of quarks [12, 13] . In other words, the phenomenology requires that the matrix G should have a strongly asymmetric form.
In particular, a very interesting situation emerges in the case of Fritzsch-like texture [15] with vanishing G 22 and G 11 entries. In addition, the entry G 33 can be taken as SU (5) singlet thus maintaining the b − τ Yukawa unification, while the off-diagonal entries G 23 etc. should contain some SU (5) Clebsches to avoid the wrong relations Y d,s = Y e,µ of the minimal SU (5). This means that the masses of the third generation emerge from the Yukawa couplings to the Higgs 5-plet, while the lighter generation masses are contributed also by 45-plet. In fact, it is not necessary to introduce the elementary Higgs 45-plet. Instead, the off-diagonal entries G ij can be regarded as operators dependent on the adjoint Higgs Φ ∼ 24 of SU (5), G ij = G ij (Φ). 7 In this case the relation Y d = Y T e is not exact anymore, but it fulfills with the precision of these Clebsch factors. Nevertheless, this property ensures that between the 23 mixing angles 7 This should be understood as expansion series G ij (Φ) = G (0)ij + G
(1)ij Φ M + ..., where M is some cutoff mass larger than the GUT scale (e.g. the string scale). This means that the off-diagonal terms emerge from the effective higher-order operators
(1)ij 10j etc., just on the same footing as the last term in (10) . Since in general the operator Φ ·H is represented by the tensor product 24 ×5 =5 + 45, it can distinguish the corresponding entries in the matrices Ye and Y d and hence avoid the lepton-quark degeneracy of the minimal SU (5) theory.
of quarks and leptons the following relation is fulfilled with a good accuracy [13] :
This product rule indeed works remarkably well. It demonstrates a 'seesaw' correspondence between the lepton and quark mixing angles and tells us that whenever the neutrino mixing is large, tan θ l 23 ∼ 1, the quark mixing angle comes out small and in the correct range, tan θ q 23 ∼ 0.04.
Namely, in ref. [13] we have considered the following Yukawa pattern: (13) where the parameters Indeed, the texture predicts the following relations between the Yukawa eigenvalues [13] :
and
where
In particular, the phenomenologically correct picture for the fermion masses emerges if the asymmetry parameter b is large enough, b ∼ 10, and when k A ≃ 1 and k B ≃ 2 [13] . In this case the relation (15) leads to the correct prediction for the strange/down quark mass ratio. On the other hand, for the 23 mixing angles in (7) we obtain the relations:
In the general case, for arbitrary a, the product rule similar to that in (17) can be obtained also for 12 mixing angles. However, from phenomenological grounds one can deduce that no significant asymmetry should occur in the 12 sector of the matrices (13) . Namely, the successful relation for the Cabibbo angle:
indicates that A d ≃ A ′ d , so that a = 1 is appropriate. Interestingly, in this case we obtain for the leptonic 12 mixing [13] :
Given that θ l 23 ∼ 45 • , this implies θ l 12 ∼ 3 • , which is in the range relevant to the MSW solution of the SN problem (cfr. Table 2) .
Therefore, for a = 1 the ansatz (13) depends on six parameters, so it is highly predictive. Among these, three Yukawa entries A e , B e , D can be expressed in terms of lepton couplings Y e,µ,τ and b. Thus 9 physical quantities, the Yukawa eigenvalues Y d,s,b and the mixing angles in V q and V l , are left as functions of three Clebsch factors, k B , k A and b. Hence, at the GUT scale these are connected by six relations like (14) , (17), etc. As discussed above, in the first approximation these relations well reproduce the observed pattern of the quark and lepton mixing angles for b ∼ 10 and k B ≃ 2, k A ≃ 1. However, a closer inspection shows that for precise Clebsch values k B = 2 and k A = 1, which could be motivated in the GUT context, and a = 1 which could follow from the U (2) H horizontal symmetry, the predictions for |V us | and |V cb | substantially deviates from the corresponding experimental values which presently are known with a very good accuracy. The case summarised above implies a real CKM matrix since Y u is taken diagonal and so all phases in Y d can be absorbed by the field re-definitions. Nevertheless, it would be interesting to address the CP issue in a scenario in which Y u is still kept diagonal.
In the present paper we suggest a new grand unified ansatz for the fermion masses, which is an extension of the pattern (13) of ref. [13] . Namely, we consider the case when the matrices G u and G ν are both diagonal and related as
Regarding G, we assume that it has the diagonal part ∝ G u and the off-diagonal one ∝ b −1 · A(Φ), where A is an anti-symmetric matrix with Φ-field dependent entries inducing different Clebsch factors for the down quarks and charged leptons, and b = Diag (1, 1, b) . In other words, we consider the Yukawa textures:
where ρ and η are proportionality coefficients. For b = 1 this pattern resembles the so-called Stech texture proposed long time ago by Stech [16] and independently by Chkareuli and one of the authors [17] , where the off-diagonal entries of Y d were assumed to be anti-symmetric,
This case, however, is completely excluded by experimental data. As for our texture, the matrices b −1 A d,e remain antisymmetric only in the 12 block, while the other entries are skew due to the factor b = 1. In the explicit form the Yukawa matrices read as:
Clearly this texture represents an extension of the Fritzsch-like 'zero-texture' (13) considered in [13] . In particular, for vanishing 13 and 31 entries, C d,e = 0, this texture essentially reduces to the latter as the diagonal 11 and 22 entries in Y d,e (20) are quite small, since the ratios Y u /Y t and Y c /Y t are much smaller than 1/3 and 2/3 Yukawa ratios in the down quark and charged leptons. In practice, as we show below, one can safely take the limit Y u /Y t → 0 and ignore the 11 entries in Y d,e . As for the 22 entry, though it is small, it can provide significant corrections (in particular, to V cb ). In principle, it also contains the relative (un-removable) CP violating phase which however cannot provide a sufficient amount of CP violation. This can be remedied by non-vanishing C e,d . Moreover, we show that for large values of b (∼ 10), the texture (21) provides a very appealing description of the quark and lepton mass and mixing structures. Interestingly, the case b ′ ∼ b ∼ 10 also provides nice relations between neutrino and up-quark masses, Table 1) .
Hence, the complete pattern (21) is first motivated on the phenomenological point of view as it can fit physical observables with excellent precision. From a theoretical point of view, we show that these textures can be justified in the framework of grand unification by invoking also the concept of horizontal symmetry among three fermion families [18, 17] .
The paper is organised as follows. In Sect. 2 we discuss some theoretical tools for buildingup the textures (20) in a realistic and predictive manner in the framework of supersymmetric SU (5) model with SU (3) H horizontal symmetry. The discussion in Sect. 3 is meant to provide an existence proof of those realizations in the framework of SO(10) × SU (3) H model. Three particular ansätze are singled out, characterised by different assignments of the Clebsch factors between the quark and lepton entries, and in Sect. 4 their phenomenological analysis is presented and discussed in all details. Finally, we summarise our findings and conclude.
Theoretical framework: GUT and horizontal symmetry
In this section we would like to sketch the general ideas needed to obtain the Yukawa textures (20) in the SU (5) model with the SU (3) H horizontal symmetry (Sect. 2.1). In the course of the presentation, it will become apparent that the discussion has to take a less general character as for example some additional symmetries should be invoked. This aspect will be faced in Sect. 2.2. In the discussion SU (5) is taken as a prototype theory featuring the basic properties of grand unification. In a more general context one could think of GUTs based on larger groups (e.g. SU (N ) with N ≥ 6) which contain SU (5) and perhaps also unify both SU (5) and SU (3) H . A particular model based on SO(10) × SU (3) H will be presented in the next section.
General aspects
We consider the supersymmetric SU (5) model with the horizontal symmetry SU (3) H where three fermion families are unified in triplets [18, 17] :
(i = 1, 2, 3 is SU (3) H index), while the Higgs 5-plets are singlets of SU (3) H :
Since the fermion bilinears transform as 3 × 3 =3 + 6, their "standard" Yukawa couplings to the Higgses are forbidden by the horizontal symmetry. 9 Hence, the fermion masses can be induced only by higher order operators involving a set of "horizontal" Higgs super-fields X ij in two-index representations of SU (3) H : symmetric X ij s ≡ S {ij} ∼ (1,6) and antisymmetric
where M is some large scale (the flavour scale). Needless to say, by SU (5) symmetry reasons, the antisymmetric Higgses A can participate only in O. Therefore, in the low-energy limit the operators (24) reduce to the Yukawa couplings:
In this way, the fermion mass hierarchy can be naturally linked to the hierarchy of the horizontal-symmetry breaking scales [17, 19] . For more details on the horizontal VEVs, see e.g. [20] . In particular, let us assume that the horizontal Higgses include one sextet S with a VEV taken diagonal:
and a set of triplets A ij n ≡ ε ijk A nk , n = 1, 2, 3, which in general have the VEVs towards all three components:
(see Appendix A). Then from (25) we see that Y t ∼ 1 implies S 3 ∼ M which indeed can naturally arise from the Higgs sector as we show in Appendix A. Similarly one can expect that also Y b,τ ∼ 1 which would require large tan β regime. However, as we shall see below, in realistic schemes also small tan β can be naturally accommodated. In addition, the operator
. Therefore, the flavour scale M is of the order of the B-L violating scale M L ∼ 10 15 GeV (cfr. (9)). The closeness of the flavour scale with the GUT scale M G ∼ 10 16 GeV suggests that they may have a common origin. (The mismatch 9 The following discussion can equally apply in both the cases of global and local horizontal symmetry, though it would be more appealing to regard SU (3)H as gauge symmetry, like SU (5). 10 The theory may also contain conjugated HiggsesXij in representationsS ∼ (1, 6) andĀ ∼ (1,3). These usually are needed for writing non-trivial superpotential terms in order to generate the horizontal VEVs (see Appendix A). The conjugated fields, however, do not couple the fermion super-fields (22) and thus do not contribute to the quark and lepton masses.
between the estimate of M and M G can be due to some spread of the coupling constants in the theory.)
It is well known that the effective operators (24) may arise entirely from a renormalizable theory, after integrating out some heavy degrees of freedom [21] , and thereby the flavour scale can be related to the mass scale of the latter. It is also plausible to think that this mass scale is set by large (order GUT scale) VEV of some Higgs Ω, Ω ∼ M .
In particular, one can introduce vector-like states in the 10-and 10-representations of SU (5):
and the SU (5)-singlet fields
and consider the following Yukawa couplings in the superpotential:
(family indices are suppressed, and order 1 coupling constants are understood in each term). Clearly, in W T the horizontal Higgs X can be both of the type X s = S or X a = A, whereas in W N only the symmetric Higgses X s can participate. Since T, T contain heavy states with electric charges 2/3, −1/3 and −1, their exchange can induce the operators O u and O relevant for the masses of all charged fermions: up quarks, down quarks and leptons. Analogously, operator O ν for the neutrino masses emerges via the exchange of the singlet states N, N . The relevant diagrams are shown in Fig. 1 . Therefore, after integrating out the heavy states, we obtain the operators (24) in the form
where M T , M N are 3 × 3 mass matrices of the heavy states, induced from their couplings to the Higgs Ω. Therefore, if Ω is a gauge singlet, then M T , M N will be degenerate in family space, M T,N ∼ M · 1, where 1 = Diag (1, 1, 1) is the unit matrix of SU (3) H . In this case, if X are SU (5) singlets, only the symmetric fields X s = X T s can contribute O u in (31) , while the contributions of the antisymmetric ones X a = −X T a cancel out. On the other hand, both X s and X a can contribute to O. Therefore, the operators (31) reduce to the Yukawa couplings of the form:
More explicitly, these can be written as:
and A is an anti-symmetric matrix reflecting the form of the matrix (27) (the dimensionless factors ρ and η keep track of the coupling constants in (30) and are not specified at the moment). The latter problem can be easily cured by making use of the adjoint super-field Φ which breaks SU (5) down to SU (3) × SU (2) × U (1) by the VEV proportional to the hypercharge generator: Φ ∝ λ y ≡ Diag(1/3, 1/3, 1/3, −1/2, −1/2). Thus if the matrix A in (25) effectively contains Φ, A = A(Φ), effective Clebsch factors emerge discriminating quarks from leptons. Therefore, at least some of the antisymmetric Higgses A can be taken in the mixed representation A ∼ (24, 3) . 11 The tensor product is5 × 24 =5 + 45 + 70, where only the first two terms are relevant for the fermion bilinear5 × 10 = 5 + 45. Then the unwanted relations Y d,s = Y e,µ can be avoided while maintaining the successful relation
The first two problems can be solved in a similar way, by making use of the adjoint Higgs of SU (3) H . The masses of the heavy fermions transform as 3 ×3 = 1 + 8 representations. Hence one can assume that the set of Higgses Ω contains, besides the singlet Z ∼ (1, 1), also 11 Alternatively, one can take all the anti-symmetric Higgses as SU (5) singlets, A ∼ (1, 3), but assume that some of them act in combination with Φ ∼ (24, 1) , to end up with the effective operator AΦ M 25 · 10H (cfr. (24)) so that the tensor productH · Φ · A effectively contains both (5, 3) and (45, 3) representations. Such an attitude will be taken in constructing the SO(10) model in Sect. 3.
the superfield Σ ∼ (1, 8) with the VEV Σ pointing towards the λ 8 generator: 12
This VEV breaks SU (3) H down to SU (2) H × U (1) H and thus discriminates the third fermion family from the others [22] . Hence, the heavy-fermion mass matrices M T,N maintain only the SU (2) H invariant form M = M · Diag (1, 1, b) , with b in general different from 1. In this way, from (32) we can obtain the desired Yukawa pattern (20) . 13 Notice however, that for achieving our goal, we have implemented the adjoint structures (Σ into M and Φ into A) in eq. (32) (5, 6) which would still give rise to symmetric off-diagonal entries in Y u . Therefore, in either case the antisymmetric VEVs A contribute the first term in (24) and so induce off-diagonal entries in Y u ruining in such a way the desired pattern. Tackling this issue requires more theoretical ingredients and tools which will be discussed below.
Some specific realizations
Thus, we have seen that in order to arrive at the desired textures (20) , both the singlet Z ∼ (1, 1) and octet Σ ∼ (1, 8) are needed for generating the heavy fermion masses. In addition, the diagrams contributing via the S and A type Higgses are to be "differentiated" by some additional symmetry so that S will contribute to all the matrices Y u , Y ν and Y d,e , while A's only to Y d,e . Hence, we have to assume that besides the local SU (5) × SU (3) H symmetry, the theory is invariant under some set G of abelian symmetries which may contain e.g. non-anomalous or pseudo-anomalous gauge U (1) factors, continuous or discrete R-symmetry, discrete symmetries like Z 2 , Z 3 , etc.
First, on the basis of the considerations outlined in the previous section, we put forward the needed couplings in the superpotential. Second, those will be motivated by some additional symmetry of G. Now about the first step.
• We assume that the superpotential W T (30) related to heavy 10-plets (28) involves some set of horizontal Higgses X, which contain the sextet S ∼ (1,6) (and maybe also one of the triplets, see below footnote 15). Therefore, W T becomes:
12 In the following of the paper, the symbol Ω stands for a set of Higgs fields in real representations of the gauge groups. When needed the content of Ω will be specified as singlet Z ∼ (1, 1), octet Σ ∼ (1, 8) or 24-plet Φ ∼ (24, 1). 13 In group-theoretical language this can be rephrased as follows. The tensor product A · Σ reads as 3 × 8 = 3 +6 + 15 where both 3 and6 can match the fermion bilinears 3 × 3. In this way, the off-diagonal entries in Y e,d are not anymore anti-symmetric -only the 12 sector keeps on the anti-symmetry owing to the residual SU (2)H symmetry.
where we explicitly indicate the coupling constants f, g, while order 1 constants are understood in the other terms. So the diagonal entries in Y u and Y d,e are induced respectively via the diagrams of Fig. 1(a,b) . In order to respect the b−τ Yukawa unification, the 24-plet Φ ∼ (24, 1) should not couple to T T .
• The couplings in W N are left as in (30) in order to generate Y ν via the diagram in Fig.1(c) :
Thus, Y ν is diagonal in the VEV basis (26) .
• Let us consider another set of horizontal Higgses X ′ , which contains antisymmetric fields A n in the representations (1, 3) and (24, 3) , and assume that they contribute only to Y d,e via the exchange of other heavy fermions. The simplest possibility is to introduce additional states in 5-and5-representations of SU (5):
having the following couplings in the superpotential:
whereH ′ is another Higgs5-plet (or 45-plet) of SU (5). The corresponding diagram is shown in Fig. 2 (a). In the following, such a scenario will be called F -scheme. Alternatively, instead of the F +F one can involve an additional pair of 10-plets
with the superpotential terms:
The corresponding exchange is shown in Fig. 2 (b) . This scenario will be referred to as the T ′ -scheme. In either scheme, the standard Higgs doublet H d should be regarded a superposition of the doublet components inH andH ′ :
, which is made light after arranging the doublet-triplet splitting, while the orthogonal combination is left heavy, with mass ∼ M G (here ω is a mixing angle and c ω (s ω ) = cos ω(sin ω)). On the other hand, we assume that H u comes entirely from H, while the field H ′ , though present, is just a spectator in the Yukawa sector.
Once the fields A n = (X a ) n contain the mixed representation (24, 3) and/orH ′ is 45-plet, the diagrams in Fig. 2 induce off-diagonal entries in Y d and Y T e with different Clebsch factors. Let us consider in some more details e.g. the F -scheme. After substituting the VEVs of the horizontal Higgses, the couplings (35), (36) and (38) give rise to field-dependent mass matrices for the up quark and neutrino states: Figure and for the down quark and charged lepton states:
where c d,e are the Clebsch factors dependent on the SU (5) content ofH ′ : c e = c d ifH ′ is 5-plet and c e = −3c d ifH ′ is 45-plet. In the above, each entry is a 3 × 3 matrix in SU (3) H space. In particular f = f 1, h = h1, etc. are flavour-blind (SU (3) H degenerate) matrices. As long as the heavy fermion mass matrices are induced from Z and Σ, they will be diagonal and have
. These will give rise to the deformation factors b and b ′ in (20) whose relations with the factors ξ ψ are easy to catch -at any rate they will be shown later.
Thus, the main information on the fermion flavour pattern is contained in the matrices m u,d,l,ν . The matrices m u and m ν are proportional to the VEV S = Diag(S 1 , S 2 , S 3 ), while the matrices m d,e are anti-symmetric and emerge from the VEVs of the triplets A n sketched in eq. (27) . As far as the latter set contain (1, 3) and (24, 3) representations, all those entries in general are non-trivial 5 × 5 matrices,Ã k = A k (1l + ζ k λ y ), where 1l and λ y are the unit and hypercharge matrices in SU (5) Therefore, after integrating out the heavy states, we obtain an effective low energy theory with the following Yukawa matrices:
Therefore, Y u and Y ν get contribution only from S and thus have diagonal form. In Y e,d the symmetric contribution ∝ Y D u comes from the first term in (43), while the second term gives rise only to off-diagonal entries. 14 Explicitly, we have for Y u :
while the other matrices can be recasted in the form (20):
and ρ = g 2f c ω , while the other dimensionless coefficient η absorbs the uncertainties in the unspecified coupling constants in (35) and (36) .
The Clebsch factors related to the representations ofH ′ and A are absorbed into the definition of the entries of A d,e , so that the relative Clebsch factors are
More explicitly, the matrices in eq. (46) have the form:
The following comments are in order.
• First of all, Y t ∼ 1 implies S 3 ∼ M , as already noted in Sect. 2.1 this can naturally emerge from the pattern of the horizontal Higgs superpotential (see Appendix A). Then Y u : Y c : Y t ∼ ξε 2 : ξε : 1, which for ε ∼ 10 −2 well describes the upper quark mass hierarchy.
• Since the (3,3) element in Y d,e is also related to largest scale S 3 , we have approximate b − τ Yukawa unification at the GUT scale:
On the other hand, as in principle the mixing angle ω between the doublets inH andH ′ can be large, i.e. cos ω < 1, the case Y b /Y t ≪ 1 is plausible even if the constants f and g are both of order 1. Therefore, the 14 Let us remark that the set X appearing in eq. (35) regime of moderate tan β is quite a natural possibility in which case the renormalization group equations can be substantially simplified. In the following we follow this version, though the case with large tan β should not be excluded.
• The large 23 lepton mixing implies A e 1 ∼ Y τ . This also seems natural in the context of the model as the largest triplet VEV A 1 should be of the order of the flavour scale scale M (see Appendix A). On the other hand, the small 23 mixing of quarks needs A d 1 /b < 0.1Y b , i.e. a large asymmetry parameter, b ∼ 10, which in turn implies ξ F ∼ 0.1. In this case we observe an inverse hierarchy between the first two and third family of the heavy F states, i.e. M F 1,2 > M F 3 .
• Concerning the neutrino Yukawa eigenvalues, they obey the relations
which also points to large b ′ (cfr. Table 1 ), b ′ ∼ 5 − 100. In particular, the relation b ′ = b could work. Eqs. (47) show that this can be obtained when ξ T = ξ F and ξ N = 1 -that is when the same combination of the singlet and octet Z + Σ acts in W T and W F , while in W N only the singlet is present. Alternatively, another interesting relation b ′ = 2b can occur if ξ T = 1 and
F . The latter possibility can take place when the reducible 1 + 8 combinations in W F and W N have VEVs satisfying the orthogonality condition Tr (Z + Σ)
GeV (51) (cfr. (9)). Since Y t ∼ 1 and b ′ ∼ 10, this translates into η ∼ 10 2 if M ∼ 10 16 GeV, i.e. order GUT scale. It should not be, however, very surprising to find η ∼ 10 2 due to some spread of the coupling constants in the theory. The T ′ -scheme can be developed along the same lines. The only difference will be that in this case we have b = ξ T ′ , so that there should be a direct hierarchy between the first two and third family of the heavy T ′ states, i.e.
there is only the singlet Z), we would obtain another interesting possibility b ′ = b 2 which can be also compatible with the experimental data. Namely, it would point towards smaller 3/2 hierarchy between the neutrino mass eigenvalues: Y 3 /Y 2 ∼ 10 (cfr. Table 1) .
We now come to the second step to prove that the superpotentials (35), (36) and (38) can be justified by some extra symmetry G. First of all, we assume that G contains a discrete symmetry R under which all superfields in the theory as well as the superpotential change sign. This will allow only trilinear terms in the superpotential (provided that they are consistent also with SU (5) × SU (3) H and other symmetries in G), while some singlet can have also linear term Λ 2 I. In this situation all VEVs (including the GUT and horizontal ones) can emerge from a single mass scale Λ.
Second, we introduce a Z 3 symmetry acting on the superfields as ψ → ψ exp( 2π 3 Q ψ ), with the following 'charges' Q ψ :
The most general superpotential invariant under R × Z 3 is restricted to have the following form:
respectively in the Higgs and Yukawa sectors. It is worth observing the following features of the Higgs potential. It has only one mass scale (in the linear term) which determines the physical scales present in the theory (GUT, flavour, etc.). Notice that among other degenerate minima, this superpotential allows a solution when all singlets, adjoints and sextet/triplets get VEVs linked to the scale Λ, modulo unspecified coupling constants in (53). For example, the superpotential terms for S andS considered in Appendix A, emerge from here with µ ∼ I .
There are no couplings between S, A and Σ, so the superpotential does not fix the relative orientation of their VEVs. However, that will be fixed by supersymmetry breaking terms, along the lines discussed in the Appendix. For example, these can be D-terms like
, where z = m 2 θ stands for supersymmetry breaking spurion. Depending on the form and sign of the coupling constants, these terms can fix the relative VEV orientation of Σ, S and A n in SU (3) H space. In particular, the choice λ 1,2 > 0 favours "orthogonal" VEV directions of A 1,2 and Σ, while σ < 0 prefers the "parallel" VEV directions of S and Σ. Thus, in this case the largest entry in S is positioned at the same place as in Σ. The same for other fields. A typical consequence of the fact that the horizontal VEV configuration is dynamically fixed by small terms, is the presence of light horizontal Pseudo-Goldstone Higgses in the theory, reminiscent of the familons, even if the horizontal symmetry is local [22] . As for the SU (5) part, the adjoint Φ gets a VEV ∼ Λ and, as far as the superpotential contains also Φ 3 term, no light fragments of Φ are left behind.
Notice that the term HZH ′ is not present in (53) although it seems to be allowed by the symmetry. The point is that if H ′ is a 5-plet, then as it has the same charges as H, that term can be rotated away by redefinition of H and H ′ . Instead, if H ′ andH ′ are 45-plets, then that term is forbidden by the SU (5) symmetry. Thus, after substituting the VEVs, the bilinears of the doublet and triplet fragments in H, H ′ andH,H ′ have the form:
To obtain light H u,d the 11 element of (55) in the corresponding doublet sector has to be fine tuned by canceling contributions of I and Φ. (All triplets will be heavy then). Therefore, H u is contained entirely in H whereas H d emerges as a superposition of the doublet fragments inH 
, with tan ω = I+Φ Z , while another combination of these doublets is superheavy.
The Yukawa superpotential (54) contain all terms of eqs. (35), (36) and (36) which lead to the Yukawa pattern (46). Furthermore, some specific features have arisen. The heavy-states N mass matrix emerges only by the VEV of singlet I and so ξ N = 1 and
which is phenomenologically welcome (50). For example, this could be the case if the reducible combination Z + Σ emerges from an adjoint Higgs of a larger group containing SU (3) H , e.g.
Following similar lines of reasoning, also the T ′ scheme can be justified. Finally, in either schemes, the Clebsch coefficients k n = A e n A d n , n = 1, 2, 3, depend on the SU (5) content of the tensor products A n ·H ′ . Needless to say that whatever values of the Clebsch factors can occur when the Higgses A n are in ∼ (1 + 24, 3) with unspecified weights ζ n of 1 and 24 component. However, it would be more attractive (though it as a matter of taste) to find a more "familiar" origin of the Clebsch factors phenomenologically needed. In other words, we assume (on similar grounds as e.g. in refs. [23] ) that different entries in the Yukawa matrices are differentiated by some "clean" Clebsch factor k n in which the VEV structure of the original GUT is encoded through the specific representation of the intermediate heavy fermions (e.g. F or T ′ in our case). Therefore, let us think that at each entry, the Clebsches k n can have some specific "natural" rational values such as 0, ± In particular, in the context of SU (5), whenever the product A n ·H ′ is in5-or 45-channel (e.g. simply when A is singlet, A ∼ (1, 3), and the HiggsH ′ is in5 or 45 representations), we have k n = 1 and k n = −3, respectively. In Table 3 we report the values for k n attainable for A ∼ 24 (or M ∼ 24), too.
As in the next we shall consider in detail specific Clebsch patterns for the Yukawa matrices, characterized by different values of k n , now we would like to keep the discussion on the Clebsch factors more general to show how we arrive at those specific choices.
Indeed, we could think of all these different ansätze in terms of larger vertical and/or horizontal symmetries. Namely, in these cases SU (5) may emerge just a subgroup of some larger GUT symmetry group. (The SO(10) example will be considered in the next section). Then the adjoint representation would generally emerge accompanied by a singlet partner.
Hence, the corresponding combination 1 + 24 can have a VEV with two different eigenvalues
In the context of F -scheme (exchange of heavy 5-plets) this would produce a Clebsch k = y x . In the case of 10-plet exchange (T ′ scheme) the Clebsch value would be k = 2y x+y . For example, in the context of the SU (6) model, which, as a matter of fact, provides a natural doublet-triplet splitting, the adjoint Higgs (35-plet) of SU (6) plays a central role [24] . This 35-plet (35 = 1 + 24 + 5 +5, in terms of SU (5) subgroup) has a VEV ∼ Diag(1, 1, 1, 1, −2, −2). Therefore, in the context of F -like scheme it can provide a Clebsch factor k = −2, or, in T ′ -like scheme, k = 4 [24] .
In fact, one can consider more general cases of SU (N ) group. Such a theory could contain adjoint Higgses with different structures which break SU (N ) in various possible channels. By imposing the traceless condition on the SU (N ) adjoint VEV, it is straightforward to obtain the relation between the two eigenvalues x and y in (56) and thus the relative Clebsch factors projected out in the context of the F -like and T ′ -like schemes.
, this Higgs contains only the SU (5) singlet VEV and thus can produce only k = 1.
2 ) which VEV implemented in the F -like scheme, generates the Clebsches k = − IV. There can be also adjoints with special VEV directions, having vanishing eigenvalues towards the SU (2) w components, say Φ 0 = Diag· (1, 1, 1, 0, 0 
. It is natural to use such adjoints for the doublet-triplet splitting [25] . Obviously, this would give k = 0 in either F -or T ′ -like schemes. Analogously, there can be adjoints with vanishing SU (3) c components, which would lead to k = ∞ in F -like scheme and k = 2 in T ′ -like scheme.
Therefore, in the next, while searching the realistic ansätze, we shall scan all possible Clebsch values for k n or 1/k n among 0, ±1, ±2, ±3 plus the above N -dependent expressions (for all possible N ). 15 It should be remarked that within this wide variety, we find only three acceptable solutions which characterise three different ansätze. We anticipate them here:
We shall come back to this point in Sect. 4.3.
3 The SO(10) × SU (3) H model
In this section we present a consistent approach in the framework of SO(10) × SU (3) H model and also demonstrate how the Clebsch structures needed for the ansätze A,B,C may be obtained. Moreover, this framework offers also the possibility to touch the basic problem of the doublet-triplet splitting which has to be unavoidably adressed in a realistic grand unified theory [25] . As we know, in the SU (5) model it is difficult to find an appealing solution to this question, but it is quite possible in the framework of SO (10).
In the context of SO(10) × SU (3) H symmetry fermions (22) fit into a single multiplet ψ ∼ (16, 3) . More explicitly ψ i = (5 + 10 + 1) i , where i = 1, 2, 3 is a SU (3) H index. So, in addition to the superfields5 i and 10 i of SU (5), ψ i contains also the singlet 1 i , usually referred to as RH neutrino.
For simplicity we assume that all horizontal Higgses X = X s , X a are singlets of SO (10). Namely, we introduce one anti-sextet S ∼ (1,6), three triplets A 1,2,3 ∼ (1, 3) , and the SU (3) H adjoint Σ ∼ (1, 8) . We have to assume them to be distinguished, as well as other superfields in the game, by their transformation properties under some additional abelian and discrete symmetries G, as discussed in section 2.
The 'vertical' Higgs sector contains the SO(10) scalars which are all SU (3) H singlets: C ∼ 16,C ∼ 16, Θ ∼ 54, Φ ∼ 45 and φ ∼ 10. 16 Needless to say, the theory may contain also some amount of gauge singlets with different transformation properties under G.
The 16-plets C,C develop the VEVs which break SO(10) down to SU (5): C = C = V C · |+, +, +, +, + (in terms of the corresponding Cartan sub-algebra generators).
Other Higgses are needed to subsequently break SU (5) down to SU (3) × SU (2) × U (1). In particular, these have the following VEVs:
This VEV pattern can be obtained e.g. from the the following superpotential terms:
which, notice, does not include the term ΦCC. Concerning the VEVs of C,C, they can emerge, e.g. from superpotential terms such as
where I is a singlet superfield and Λ is a mass scale. 17 Hence, we obtain V C = Λ. Alternatively, C andC can get non-zero VEVs via the D-term of anomalous U (1) A symmetry provided that 16 We remind that the content of SO (10) 17 We assume that all scales Λ, M , M ′ , etc. mentioned below to be of the order of the GUT scale, MG ∼ 10
16
GeV.
they have different U (1) A charges. In either case, the condition C = C is demanded by the vanishing of SO (10) gauge D-terms.
The following remark is in order. The superpotential (62) has an accidental symmetry SU (16), larger then the local symmetry SO (10) . Therefore, once C andC get VEVs towards the SU (5) singlet direction, their fragments5 and 5 (in terms of SU (5)) remain massless, which can cause problems from the phenomenological point of view. (As for the 10 and 10 fragments, these are genuine Goldstone modes eaten up by SO(10) gauge superfields through the Higgs mechanism.) That is usually remedied by the coupling Φ 5 CC where Φ 5 is another 45-plet with SU(5)-conserving VEV, Φ 5 = µ 5 . In this way the (Pseudo)-Goldstone bosons are given the mass term µ 55 (C)5C.
The MSSM Higgs doublets H u and H d are contained, together with their colour-triplet partners, in the superfield φ ∼ 10. It is well known, that the SO(10) model allows to achieve the doublet-triplet splitting naturally (without Fine Tuning), in the context of the so-called missing VEV mechanism [26] . Namely, one can introduce an additional Higgs 10-plet φ ′ ∼ 10 with the following superpotential terms:
The mass term of φ or its couplings to Θ or singlets are implicitly assumed to be forbidden; this can be motivated e.g. by invoking an anomalous U (1) symmetry [12] . As the 10-plet φ can only couple to the symmetric combination of the fermion 16-plets, higher order operators generating the fermion masses can only involve the (anti)sextet Higgs S. Therefore, the operators (24) acquire the form:
These effective operators can be obtained from the diagrams in Fig. 3 involving heavy fermions in the representations Ψ ∼ (16,3), Ψ ∼ (16, 3) , and N ∼ (1,3), N ∼ (1, 3) . The relevant superpotential terms are
withΣ andΣ ′ being some Higgses with the VEVs ∼ M defining the flavour scale. These can be combinations Z + Σ of the singlet and octet of SU (3) N V 2 C S . As a result, the familiar seesaw mechanism leads to the small Majorana neutrino masses. Namely, the effective operator (5) appears as
where Even if the superpotential W Ψ contained the terms ΨAψ, the antisymmetric contributions would not emerge. These would only induce additional (flavour blind) symmetric contributions
Let us make now the following modification of the model, bearing in mind the fact that in principle the Higgs doublets could emerge also from the 16-plets CC [27] . In particular, apart from the already introduced terms (63), the symmetry properties of G may allow the couplings φC 2 and φ ′ C 2 while φC 2 and φ ′C 2 are forbidden. (Should the last couplings also be present, the doublet-triplet hierarchy would be spoiled.) The former coupling, due to the large SU (5) conserving VEV V C , induces the mixing between the5 fragments of φ and C. This can be more easily understood from the following mass matrix:
Owing to the form of the VEV Φ in (60), non-zero entries are induced only between the triplet fragments in φ and φ ′ while the corresponding entries for the doublet fragments vanish. Therefore, all the triplets get masses of the order of the GUT scale, while one combination of the doublet components, to be identified with the MSSM Higgs doublets H u,d , remains light.
The doublet H u comes entirely form H ≡ 5(φ), and no portion of it is contained in 5(C) and 5(φ ′ ). As regards H d , it emerges form the combination of5 fragments in φ ′ and C. Namely, even if µ 5 = 0 (as it would follow from the superpotential (62),H = c ω5 (φ ′ ) − s ω5 (C), with tan ω ∼ M/V C . Let us also introduce other matter superfields, 10-plets t i = (5 + 5) i ,t i = (5 + 5) i , and consider the following terms in the superpotential:
Correspondingly, the mass matrix connecting the matter states reads as:
which tells us that the light state5 i is composed by a combination of5 fragments in ψ i and t i ,5 i = cos θ5(ψ) i − sin θ5(t) i , where the angle θ is defined as tan θ = V C / I (in principle different from tan ω), while the orthogonal combination5 ′ i = cos θ5(ψ) i + sin θ5(t) i and5(t) i are heavy states.
We see that the up quark masses emerge in the diagonal form entirely from the diagram in Fig. 3 , since the Higgs doublet H u is contained in φ and 10 i in ψ i . On the contrary, the contribution to the down quark and lepton Yukawa couplings may be suppressed as compared to that for Y u . This would happen if H d were contained in5(φ) by a small weight ε φ . In this case the proportionality coefficient ρ between the diagonal entries in Y d,e and Y u would be identified with ε φ sin θ. It can be significantly smaller than 1 and in this way moderate or even small values of tan β can naturally be accommodated.
In particular, ε φ vanishes when µ 5 = 0. However, in this case one can make use of the fact that H d is partially contained also in5(C) while ψ i contains the light SU (5) component5 i with a weight sin θ. Then, provided that the superpotential include also the terms t 2 S, and/or tΨC, additional symmetric contributions to Y d,e could emerge from the diagrams in Fig.  4(a,b) . Analogously, if the term tφN is permitted by symmetry, then one gets an additional contribution to the neutrino masses (see Fig. 4(c) ).
Regardings the antisymmetric contributions to Y d,e , they should contain non-trivial Clebsches between the quark and leptons. Therefore, one has to introduce another set of heavy fermions to mediate the proper exchange channels.
In Fig. 5 we show the diagrams which could be responsible for the generation of the offdiagonal entries in Y d,e . The specific Clebsch structures can be obtained by choosing properly the representations of the vertical Higgses Ω in these exchanges. Two sets of (vector-like) heavy states are introduced: Ψ ′ , Ψ 1 ∼ (16, 3) and Ψ ′ , Ψ 1 ∼ (16,3) and t, t ′ , t 1 ∼ (10, 3) and t,t ′ ,t 1 ∼ (10,3). Again we assume that some selection rules dictated by G differentiate their couplings in the superpotential. 18 In constructing exchanges, we demand that off-diagonal 23 and 13 entries of Y d,e to have the same asymmetry parameter b. This is provided by the coupling Ψ ′Σ Ψ ′ (Σ = Z + Σ) which is the the only one reflecting the breaking of SU (3) H → SU (2) H . Notice, indeed, that in these exchanges other Higgses Ω, Ω ′ , Ω ′′ etc. are assumed to be SU (3) H singlets (though e.g. Ω ′ could be also a 54-plet Θ). In other words, the mass matrix of Ψ ′ states has the form ∼ M · Diag(1, 1, ξ ′ ). For example, the ansatz A can be reproduced in the following manner. The (1,2) entries in Y d,e with Clebsch k 3 = 1 can be obtained from diagram 4(b) where S has to be substituted by A 3 , provided that the superpotential contains the coupling ψΨA 3 , i.e. if A 3 has the proper G charges. Clearly, in the contribution of the diagram in Fig. 3 (a) the asymmetric entries simply cancel out. As for (2, 3) and (1, 3) entries, the Clebsches k 1,2 = 2 can be obtained from diagram 5(b) with Φ being a 45-plet of SO (10) and Ω ′ being a 54-plet Θ, with VEVs (60). Namely, Φ coupled to the 16-plet states provides the relative Clebsch factor -3 between the lepton and quark entries, while the coupling of Θ to the heavy 10-plets t ′ ,t ′ projects out a Clebsch factor inversely proportional to −3/2 (cfr. (60), so that k = 3 × 2 3 = 2. The ansatz B can be obtained via the exchange in Fig. 5(a) (or (b) ) if A(A ′ ) stands for both A 1 and A 3 , with the same quantum numbers, Φ is a 45-plet, and Ω (Ω ′ ) being a singlet. Hence, the Clebsches k 1 , k 3 = −3 directly result from couplings of Φ.
For the case C one can assume that (2, 3) entries are generated via the diagram 5(a) with A = A 1 and Ω ∼ 1, so that k 1 = −3, while the (1,2) entries emerges from the diagram 5(b) with A ′ = A 3 and, for G symmetry reasons, -with Ω ′ being 54-plet, so that k 3 = 2 (as discussed above for the case A).
In both the scenarios B, C (58,59), the Clebsch k 2 = 0 will be required. Therefore, A 2 is supposed to transform differently from A 1,3 under G so that it can contribute only via the diagram 5(c). Since in the coupling with the fermion 10-plets,5(t)Φ 45 5(t 1 ), Φ 45 with B-L conserving VEV gives vanishing contribution to the lepton doublets contained in t (similarly to what happens in the missing VEV mechanism for the doublet-triplet splitting), then we obtain k 2 = 0.
In either case, the SU (3) H breaking Clebsch b in these models emerge fromΣ being a combination of SU (3) H singlet and octet, so that the 13 and 23 asymmetry parameters are both equal. 
Phenomenological analysis
This part is devoted to the phenomenological study of the ansätze suggested. First, we provide the corresponding expressions of the physical quantities -quark masses as well as mixing angles. Second, the criteria of the fit are presented. Finally the results are shown and discussed.
Physical observables from the theoretical model
We now deal with the explicit form for the Yukawa matrices Y e,d in (46,49). In general the coupling constants and the VEVs present in the theory are complex. However, all the phases except three can be pulled out by field redefinitions and the Yukawa matrices can be presented in this form: 19 Table 1 ). However, we find that these corrections are relevant on comparing with the present precision in the CKM angles. So this contribution in Y d,e cannot be neglected.
In general case the phases in (71) are arbitrary. However, they can have specific values in the context of the spontaneous CP violation. Namely, one can assume that the original theory has an exact CP invariance, i.e. all couplings in the Yukawa and Higgs sectors can be simultanoulsy made real by phase redefinitions of the superfields. However, CP invariance can be spontaneously broken by non-vanishing complex phases of some VEVs in the theory. In particular, as we show in Appendix B, the triplets A n can have complex phases.
For example, one can choose a basis where the VEVs of the sextet S, S 1,2,3 are real. Thus, in this basis all three diagonal entries of Y d in (49) are real. For definiteness, let us take them also to be positive. On the other hand, the off-diagonal entries keep on the phases originated from the VEVs of A n . As we show in Appendix B, these VEVs can exhibits a spontaneous CP violation when the product A 1 A 2 A 3 is imaginary. In particular, if all entries A 1,2,3 are imaginary, the the matrix Y d of (49) recasted to the form (71) implies the phase assignment ξ = π, σ = π/2. In another possible case, when A 1,2 are real but A 3 is imaginary, one has instead ξ = 0 and σ = π/2. In principle, the spontaneous CP breaking could provide some other interesting phase assignments such as ξ and σ have some "inverse π-fold" values like 2π/3, π/4, etc. In the follwoing, to be more general, we keep the phases ξ and σ arbitrary, however we shall pay special attention to those specific phase values which might be obtained in the context of the spontaneous CP violation.
Let us now proceed our analysis. The entries (1, 3) and (3, 1) entries in Y d,e can be simultaneously rotated away by orthogonal and phase transformations in the 12-flavour space: 
12
, the matrices become:
Finally, these matricesỸ e andỸ d can be diagonalized by bi-unitary transformations as in eq. (6) with the matrices U e,d and U ′ e,d understood as: 
where by v ud , v us etc. with lower v we mean the matrix elements of the quark mixing U d as shown in eq. (7). Analogously, the effective leptonic mixing matrix is V l = U † e P † −Õ eT 12 : 
where v e1 , v e2 etc. stand for the matrix elements of the leptonic mixing matrix U † e . These forms of quark and complete leptonic mixing matrices are convenient since the contributions v us , v ud and v e1 , v e2 etc. from the Yukawa matricesỸ e,d of (73) 
The notation is the standard one: for the heavy quarks t, b, c, m t,b,c are their running masses respectively at µ = m t,b,c , while for the light quarks m u,d,s are given at µ = 1 GeV.
and for neutrino masses
where the factors R u,d,e,ν and R SM u,d,e,ν account for the gauge-coupling induced running from the GUT scale M G ≃ 10 16 GeV to the SUSY breaking scale M S ≃ M t and from M S to the electroweak scale M Z , respectively. The factors η f encapsulate the QCD+QED running from M S down to m f for f = b, c (or to µ = 1 GeV for the light quarks f = u, d, s). Namely, for α s (M Z ) = 0.119 ± 0.004 we have 
The factor B t includes the running induced by the large top quark Yukawa constant (Y t ∼ 1). 22 For Y t varying from the lower limit Y t = 0.5, imposed by the top pole-mass, to the perturbativity limit Y t ≈ 3, the function B t decreases from 0.9 to 0.7. Regarding the CKM elements, their physical values are related to the corresponding GUT-scale quantity (labelled by the superscript G) as follows 23 :
Using the procedure outlined in detail in [13] , the following relations (valid at the GUT scale) are derived from the matrices (73):
where we have defined
In the following we directly substitute the Yukawa constant ratios with the corresponding mass ratios whenever the latter are RGE invariant, e.g. 
Substituting this expression back into eqs. (81) and (84) we get:
Notice in particular the modified expression of the b-τ Yukawa unification at the GUT scale due to the asymmetry in the 23 block. Analogously, from eqs. (83) we find:
The physical masses are:
We now turn to the quark and lepton mixing. For the angles θ e,d
23 and the corresponding phases appearing in the unitary transformation (74) we find:
tan 2θ
tan φ
while the right rotation angles θ 
( 99) while the corresponding phases are
We can easily estimate that φ d 12 can be at most 11 • and 25 • with b > ∼ 1, Y ct = 3 × 10 −3 and for k 1 = 2 and k 1 = −3 , respectively. Moreover, the larger is the asymmetry parameter b, the smaller Z becomes and therefore the smaller the phase φ d 12 appears. In conclusion, the phase ξ cannot provide by itself a sizeable source of CP violation since it is driven by the tiny ratio Y ct . That is the reason motivating us to introduce non-vanishing (1, 3) , (3, 1) entries driving the extra phase σ. Hence, as a matter of fact we may think of the matrices U e,d as pure rotations, parameterised in the standard form (7) with the phase δ = π [13] .
In the analysis, we test the amount of CP-violation through the parameter ε K describing the CP violation in K → ππ. More precisely, we use the more uncertain parameter B K parametrizing the the deviation from the vacuum saturation limit in K 0 −K 0 transition which we 'extract' from the expression of ε K as given in the standard model [31] :
and compare with its theoretical value which ranges from 0.6 to 1. Here f K = 161 MeV is the kaon decay constant, M K = 497.7 MeV is the K 0 mass, and ∆M K = 0.53 × 10 10 s −1 is the experimental value of K L − K S mass difference. The mixing angles enter through the combinations t α = V ⋆ αs V αd : t u appears explicitly, 24 whereas t c , t t are contained in the function
where η ). In this way, we are testing whether the experimental value of ε K can be reproduced entirely by the standard model contribution associated with the box 24 Note that in most of VCKM parameterizations, the factor tu, coming from the amplitude of the decay K 0 → 2π, is made real and thereby the factor t 
Observables Values
• m e [MeV] 0.511
1.777 [9] and thus they are not literally valid in the context of supersymmetric model; even in the MSSM framework, with flavour-aligned soft terms, one can expect substantial supersymmetric contributions to these transitions. diagrams involving the charm, top quark and the W boson. It is known, that in the MSSM or more generally, in models with flavour-aligned soft terms like in [32] , the supersymmetric contributions are negligible. However, in general SUSY GUT context ε K can receive substantial contributions from the super-partners at the weak scale [33] . In view of this, we shall not use the information from ε K to constrain the parameter space.
Model parameters versus physical observables
We can now proceed by confronting the parameters with the physical observables described by the model. The number of the former amount to 14, namely
while the number of observables is 20: the up-quark masses m u,c,t , the down-quark masses m d,s,b , the charged-lepton masses m e,µ,τ , the neutrino masses m 1,2,3 , four independent CKM parameters and other four parameters of the leptonic mixing matrix. As it will be discussed more extensively below, the three Clebsch coefficients k 1 , k 2 , k 3 are treated as external parameters, fixed at some specific GUT-inspired value.
The various physical observables deserve a different treatment in the analysis for at least two reasons. First, they are known with different degree of accuracy. Second, some of them have a minor impact on the determination of the 'flavour' parameters themselves. Therefore, the observables are classified and used as follows:
1. m e , m µ , m τ : these masses are determined with high accuracy so they are used as inputs to extract the parameters A, B, D via eqs. (81-84). Notice that in this way, also the explicit dependence on tan β of the fermion masses is automatically absorbed in the parameters A, B, D.
2.
mu mt , mc mt : these mass ratios enter only into the determination of Y ut , Y ct and are used as inputs 25 . Notice, however, that Y ut , Y ct quite depend on Y t through the renormalization factor B t : e.g. Y ct = m c /m t B 3 t η −1 c . As this ratio is tiny, the dependence on m c /m t is weak and hence our results are not sensitive to the corresponding errors on m c and m t . This justifies the fact that we use the central values of the ratio m c /m t shown in Table  4 . On the other hand, the Yukawa constant Y t is left as free parameters. Indeed, it is not sensible to fix Y t by the top mass due to its infrared behaviour. It will turn out that (in almost every case) the preferred value for Y t is 0.5 which enhances the effect of Y ct . This value is indeed the smallest one compatible with the top mass for which m t = (160.9 ± 2.2) sin β GeV for α s (M z ) = 0.119 ± 0.004. Correspondingly, we have for the ratio Y ct = (2.7 
is determined as output once Y t is fixed by the fit in point 3., modulo sin β. Though in our analysis we cannot determine univocally (and in a sense is not necessary) tan β, the model we presented in Sect. 3 naturally yields tan β in the small or moderate regime. Using the determination of m s /m d from the fit, we extract the ratio m u /m d from the combination [34] 
5. B K : the CP violation parameter is given as a prediction from the result of the fit performed in point 3.
6. |V µ3 |, |V e2 |, |V e3 | & lepton CP-phase: these are also given as predictions. More precisely, for the sake of comparison with the experimental data, we trade these three elements for the the corresponding 'oscillation' parameters: sin
. Notice, however, that the predictions for both CP violation phase and the element |V e2 | depend also ont e 12 = Clebsches k 1 , k 3 have been assigned. The determination of these twelve parameters allows us to make five clean predictions: m 1 /m 2 , m 2 /m 3 , B K , |V µ3 |, |V e3 |. Also M t is given as a prediction within the uncertainty of tan β expected to be in the range 1 − 10. From the result of the fit, we also gain the ratio m u /m d by using the information on the parameter Q (fixed at its central value). Finally, the neutrino masses depend on M L and both |V e2 | and the amount of CP violation in the lepton mixing matrix depend on the Clebsch coefficient k 2 . The flavour mass scale M is set at the GUT scale M G and as already discussed (cfr. (51)
In the next Section we shall discuss more extensively how we handle the Clebsch factors. Finally, the phenomenological analysis requires also the parameters associated with the standard model gauge sector: α s (M Z ), α em , sin 2 θ w . For α em , sin 2 θ w we use the central values quoted in [9] . As regards α s (M Z ), the present world average is α s (M Z ) = 0.119±0.002 [9] . On the other hand the SU (5) unification of gauge couplings implies a larger value, α s (M Z ) ≈ 0.125. Therefore, as a compromise, we have taken α s (M Z ) = 0.123. We remind that only m b and m s are sensitive to variations of α s (M Z ) within the quoted error. The corresponding variations can be inferred from the gauge-renormalization factors given in (79). On the other hand, the α s (M Z ) dependence of the running factor B t is less than 1% and therefore all other observables are not sensitive to α s (M Z ).
Clebsch prescription: three different ansätze
First let us recall how the Clebsch coefficients enter into the determination of the physical quantities. The Yukawa eigenvalues Y e,µ,τ and Y d,s,b depend only on k 1 and k 3 (see the analytical expressions in Sect. 4.1). 26 Similarly, the mixing angles v us , v ud , · · · also depend only on k 1 , k 3 . The coefficient k 2 affects only the lepton mixing matrix (76) via the initial 12 rotations
12 . Thereby k 2 can only be fixed for example by the 12 lepton mixing angle V e2 through the SN parameter sin 2 2θ l 12 = 4|V e2 | 2 (1 − |V e2 | 2 ). Notice, indeed, that both sin 2 2θ l 13 and sin 2 2θ l 23 do not depend on k 2 . We can guess very easily the needed range for such k 1,2,3 . Indeed k 1,3 are mainly fixed by the strange mass in (90) and the ratio m s /m d in (89). From m s we infer that k 1 is to lie within that it is useful to write down explicitly 27 V e2 :
e 12s e 12 v e2 v e1 cos σ (104)
Strategy for the fit
To study the constraints on the parameters of the model from the down-quark masses and the CKM mixing angles we have performed an alternative χ 2 − analysis. 28 The CKM elements |V us |, |V cb |, |V ub /V cb | are assumed to be mainly affected by Gaussian errors and therefore the standard χ 2 -function can be assumed for them:
where the theoretical outcome for a certain observable is denoted by x a and the corresponding experimental value and statistical error by x exp a and σ a , respectively (see Table 4 ). On the contrary, the uncertainties affecting the determination of the down-quark masses are due to the dependence on the theoretical-model used to extract the masses from the measurements. For this reason we think that it is not correct to assign them a Gaussian distribution and hence to define the canonical χ 2 -function. Nevertheless, we interpret the 1-σ range reported in the Table 4 as a 'reasonable' interval accounting for all possible (different) determinations. Therefore, we prescribe the masses a flat distribution in that range. More precisely, we define the following χ 2 -like function for the masses: (110) that mass values outside the 1-σ range are strongly penalized by the higher-power dependence of the (arbitrary) assigned distribution. The sum of the above functions will be denoted asχ 2 =χ 2 b +χ 2 s +χ 2 s/d . By minimizing the sumχ 2 + χ 2 , we rather test the consistency between the model and the Gaussian-distributed data within a reasonable range for the down-quark masses. In the next we shall report both the value ofχ 2 and χ 2 separately, in Tables 5, 6 and 7 containing the results of the fits. We have to remark that descriptions of the quark masses outside the 'reasonable' range may be accounted, for example, by uncertainties in α s (M Z ).
Testing theoretical models: fit and predictions
We have found it to be instructive to consider first the case with (1, 3) , (3, 1) entries set to zero (C e,d = 0), to investigate the effect of a non-zero 22 entry on the pattern (13) . This pattern Ansatz A: (110)) and of the Gaussian χ 2 are also given. (denoted by I) has two parameters, b and ξ. As a second step, we have restored the (1,3) (3,1) entries and set to zero the 22-entry (formally, Y ct = 0) leaving as free parameters b,t d 12 , σ (case denoted by II).
Finally, the complete pattern is analysed with four free parameters, b, ξ,t d 12 , σ (case denoted by III) . We can first make some general considerations. We can note that the dependence on Y ct of the physical quantities is mainly encoded in the factors I e , I d . The former can be easily estimated, I e ≈ 1+ 0.044·cos ξ and thus Y ct can induce quite a small correction on the leptonic mixing angles. Therefore, from the expressions (91), we can infer that |V µ3 | ≡ |v µ3 | ≈ s e 23 (see (76)) depends mainly on the asymmetry parameter b, increasing roughly as √ b. As a result, the AN bound sin 2 2θ 23 = 4|V µ3 | 2 (1 − |V µ3 | 2 ) > 0.8 requires 6 < b < 12 as it was found in the case (13) [13] . Analogously, in the case I it is |V e2 | ≡ |v e2 | ≈ s e 12 c e 23 which weakly decreases with b. Then the MSW range, in the case I can be recovered for b > ∼ 7 where sin 2 2θ 12 = 4|v e2 | 2 (1 − |v e2 | 2 ) gets smaller than 1.5 · 10 −2 . As we already know, this mixing can be affected by the initial 12 rotationt e 12 present in the full model (case III). The discussion about I d affecting the quark observables is more involved as it depends, through the ratio Y b /(Y s − Y d ), on the specific ansatz considered. However, in the case A a rough estimate gives I d ∼ 1 + 0.12 cos ξ , while larger correction can be achieved in the ansätze B, C, I d ∼ 1 + 0.25 cos ξ. In the following we discuss separately our results for the three ansätze, reported in Tables 5, 6 and 7. Ansatz A In the case I (Table 5 -second column), the result of the fit is acceptable though, due to the high accuracy achieved in the determination of the CKM angles, we can observe some discrepancy in the Cabibbo angle |V us | ≡ |v us | ≈ s d 12 ∝ I d /I e and |V cb | ≈ s d 23 . The former appears to be quite small while the latter is somehow too large. These two quantities require in turn ξ = 0 (to maximize I d ) and quite a large 23 asymmetry, b = 10 (to minimize s d 23 ) as best fit points. Notice that b > 10, though preferable to further reduce |V cb |, is not tolerated by |V us | which would further decrease.
On the other hand, the quark masses fall in their 'reasonable' range. Noticeably, Y t = 0.5 is preferred in all the fits and as a result the prediction M t ≤ 172.7 GeV turns out to be consistent. Interestingly, the predictions (marked by ⋆) for the leptonic mixing angle are quite good. We have to recall that whenever the quark mixing are 'reasonably' accommodated, the leptonic mixing angles fall automatically into the presently most favoured range thanks to the remarkable product rule (12) inherent in the theoretic structure of the model. For example the AN oscillatory mixing sin 2 2θ 23 is almost maximal, as the large b = 10 implies. The 13 neutrino mixing remain well below the upper bound shown in Table 1 and sin 2 2θ 13 lies in the range (1 ÷ 3) · 10 −2 in all the ansätze (cfr. Tables 6, 7) . This range in the case of δm 2 23 close to the upper bound in (1), can be of interest for the experimental search of ν e → ν τ oscillation in the future CERN Neutrino Factory [35] .
We do not show in the tables the prediction for the neutrino mass ratios. However, as regards m 1 /m 2 the prediction is just m 1 /m 2 = Y u /Y c (in any of the ansätze) and so it is typically about ∼ 3 · 10 −3 . On the other hand, the prediction for the ratio m 2 /m 3 depends on the value of the asymmetry parameter b ′ . In the simplest case b ′ = b, it can be easily computed as m 2 /m 3 = bY ct and so it is in the range ∼ (2 − 3) · 10 −2 in agreement with the present experimental hint. This out-coming will be similar in all the ansätze and it is a byproduct of the link between the neutrino and the up-quark masses and the large 23-asymmetry b demanded by the quark phenomenology.
The other predictions, V td , V td /V ts are marginally compatible with the experimental values. We have also reported the expected mass ratio m u /m d extracted from the 'ellipse' parameter Q (103) which appears to be consistent with the determination of m s /m d obtained from the fit.
Clearly there is no CP violation in the CKM matrix as the infinite value of B K does reflect. The situation gets improved in the case II. The presence of the (1, 3) , (3, 1) entries introduces the initial 12 rotationt d 12 and the phase σ which strongly modifies the CKM elements (75). From the expressions of the Cabibbo angle in (106) and from the fact that the element v us itself is around 0.2, we can deduce thatÕ d 12 is to be a small rotation,t d
12
< ∼ 0.1, to prevent too a large correction from the element v cs ∼ 1. So |V us | is increased up to its experimental value byt d 12 ∼ 0.03 and σ ∼ 20 • . At the same time |V cb | is reduced, thanks to the larger value of the asymmetry parameter, b ∼ 12 which is now not prevented by V us . We can notice that also |V ub /V cb | is successfully reproduced. The effect of b larger, i.e. of the decreasing of the ratio Z has in turn induced a bigger m s and a smaller m b both slightly outside their 'reasonable' range. The amount of CP violation from the CKM matrix, though increased thanks to the non-vanishing phase σ, is still not enough, B K ∼ 2. The predicted values of the leptonic mixings are good. Accordingly to the approach elucidated in the Sect. 4.4, we have fixed the initial 12 lepton rotation ast e 12 =t d 12 , i.e. k 2 = k 1 . Then, as expected, sin 2 2θ l 12 is strongly reduced below 10 −2 with respect to the case I. Notice, that the amount of CP violation in both the quark and lepton mixing matrix is the same as it is controlled by the same phase σ.
Finally, by comparing the results obtained in the case III -where the 22-entry is restored -we conclude that the presence of the 22-entry does not play a significative role -the quality of the fit is quite stable in the two cases. However, the predictions are better. Notice that the right amount of CP violation is achieved -B K ∼ 0.7 -as the phase σ is now bigger. For the same reason, also sin 2 2θ l 12 lies exactly in the range required by the MSW solution. The fact that the best-fit points of the phases, ξ = π, σ ≈ π/4, are just integers (or halfintegers) of π may suggest that the CP violating phase is originated by a spontaneous-breaking mechanism. For this reason in the column IV we have performed again the fit fixing the phases ξ and σ at the nearest "π-fold" values of the kind qπ (q = 1, 1/2, 1/4, · · ·) as respect to those Table 6 : The analysis of the ansatz B. In the fit II from Y t = 0.97 it comes out Y ct = 1.9 · 10 −3 . ξ = 0 and σ = π/2. See also the caption of Table (5). given by the fit III. In this case we do not observe any variation. Therefore we can conclude that the ansatz A provides quite a good fit of the quark observables for large 23 (89) we see that a proper trend can be achieved for ξ ∼ 0 and b ≥ 6 so that to maximise I d . On the other hand, the moderate asymmetry b ∼ 6 − 7 required by the fit implies quite a large m b , small m s and consequently also a very tiny |V ub /V cb |. The fit is indeed rather poor (Table 4) . However, setting to zero the 22-entry and taking C e,d = 0 spoils completely the fit (column II). Among the CKM elements only |V us | and the ratio |V ub /V cb | can be improved thanks to thet d 12 ∼ 0.1 rotation. The same rotation is instead less important for |V cb | which remains too large due to the small asymmetry, b ∼ 3 − 4. For the same reason also m s /m d is quite large. In particular as m s /m d is larger than the parameter Q, the light-quark mass ratio m u /m d cannot consistently be evaluated. As a whole this case is definitely disfavoured. Remarkably, the leptonic mixing angles as well as B K are not well predicted, too.
Nevertheless, the interplay of the 22-entry with the (1,3), (3, 1) entries can offer a satisfactory description as the results in the case III show. All the quark quantities are perfectly fitted (notice that bothχ 2 and χ 2 are < 1). The fit requires b ∼ 9,t d 12 ∼ 0.1, small ξ and large CP phase, σ ∼ 94 • . All the predicted quantities are within their experimental ranges. The 23 leptonic mixing is predicted to be maximal as required by the AN anomaly. The large phase σ enforcest e 12 = 0 or k 2 = 0 and the SN oscillation mixing comes out to be close to the upper limit, sin 2 2θ l 12 = 1.3 · 10 −2 . Indeed, weret e 12 =t d 12 (k 2 = k 1 ) and σ ∼ 90 • -as preferred by the fit -the 12 leptonic mixing |V e2 | would get further increased (see eq. (104) ), contrary to what happens in the ansatz A, As a further consequence oft e 12 = 0 the CP phase is vanishing in the lepton mixing matrix except for the small contribution driven by the phase ξ. Finally in the last column, we have considered the case with ξ = 0 and σ = π/2 fixed. The quality of the fit remains very good.
Ansatz C The Fritzsch case for this pattern shows an opposite behaviour as compared to the previous ansatz. Indeed, it is m s /m d ≈ 12 implying too a big |V us | ≈ 0.29. Therefore, in the variant I, this can be cured with ξ > 90 • and a large b (see column I). In this case only |V ub /V cb | is strongly incompatible with its experimental range. Notice that, for the same asymmetry b = 10, m b is smaller as respect to the value obtained in the ansatz A (I), since as k 1 is larger as Z becomes smaller. All the predictions are reasonable (except for B K ). In the second case (II) all the CKM mixings are well reproduced thanks to the initial 12 rotation, but Y ct = 0 makes m s /m d below the 'reasonable' range. Finally, the complete model provides quite an excellent fit (III). Interestingly, also this ansatz points to maximal CP violation -σ ∼ 90 • . In correspondence of the best-fit parameters all the predicted quantities are in agreement with the present experimental status. We should remark that like in the previous ansatz , the presence of the 22-entry is crucial. Moreover, also in this case the choice k 2 = 0 does not induce CP violation in the lepton mixing matrix. In the last column, we have performed a two-parameter fit, setting σ = 90 • and ξ = 180 • . One could conclude that, by endowing the same pattern with spontaneous breaking of CP-symmetry, the description remains very good.
Finally, we can try to give an overlook at all the three ansätze analysed. The case A requires the CP-phase σ < 90 • , whereas both the ansätze B and C prefer maximal CP-violation, σ > ∼ 90 • . This should imply in general a different relations between the corresponding CKM elements. For example the three ansätze will show up a different shape of the "unitarity" triangle characterised by the following angles
Therefore in correspondence of the results of the fits obtained in each ansatz for the complete case III, we have plotted the unitarity triangle in the ρ ′ , η ′ plane (Fig. 6, 7, 8 ). We recall that ρ, η, A, λ are the Wolfenstein parameters and
More precisely, the side CB corresponding to V cd V ⋆ cb has been chosen real and rescaled to unit length. Hence the length CA and CB in the rescaled triangle, usually denoted by R b and R t , respectively, are: [36] . In the same plane the hyperbola represent the iso-contours for B K (dotted lines). This overall picture of the CKM elements shows that the ansatz A is characterized by a large angle γ, γ > 100 • , and by a small angle β, β ≈ 8 • . They both appear to be in disagreement with the result reported by the CDF collaboration sin 2β = 0.79
−0.44 and with the indirect bounds on γ which disfavour γ > ∼ 100 • [36] . Moreover, the vertex A lies above the region delimited by the circles R t due to the large value of |V td | ∼ 0.013 predicted.
On the contrary, the ansatz B provides a consistent scenario where the observed amount of CP-violation can be accounted by the CKM picture (Fig. 7) . The same holds for the ansatz C (Fig. 8) . Ultimately, a better discrimination of the specific ansatz will be possible when the program of the measurements of the present and future B factories is completed.
Conclusions
We have considered a particular set of textures for the Yukawa matrices of quarks and leptons which share some features with both the Stech ansatz proposed long time ago [16, 17] and the Fritzsch-like textures suggested in [13] . Our main motivation was to show that they are not only successful from the phenomenological point of view but also grounded and compelling on the theoretical side. We have discussed how these textures could emerge in the context of grand unified theories, in terms of the prototype SU (5) model complemented by the horizontal symmetry SU (3) H . In Section 3 more realistic examples have been presented on the basis of SO(10) × SU (3) H model. The SU (3) H group may seem too 'large' as compared to U (2) H . Indeed the latter, providing ab initio the 2 + 1 representation structure for the fermion fields, directly singles out the heavy top quark from the lighter fermions of the first and second generation. Namely, the models based on U (2) H [37] invoke the familiar paradigm according to which the third generation has a priori order 1 (tree-level) Yukawa couplings while the small Yukawa constants of the lighter generations emerge from higher-order terms containing the U (2) H symmetry breaking Higgses, with VEVs smaller than the cutoff scale.
However, there are many good points in favour of SU (3) H . First, it accounts by itself for three fermion families, and thus can be more predictive than U (2) H . Second, the spontaneous breaking features of SU (3) H may turn the Yukawa constants of the low energy theory (MSSM) into dynamical degrees of freedom and fix the inter-family hierarchy in a pretty natural manner. Namely, the third generation becomes heavy (Y t ∼ 1), while the second and first ones become lighter by successively increasing powers of small parameters.
In the general discussion of theoretical issues, we have put forward the following argument: just like the SU (5) theory contains the adjoint Higgs, 24-plet, which, by breaking down SU (5) to SU (3) × SU (2) × U (1), does hide the existence of the large GUT symmetry, also SU (3) H may be first broken down to U (2) H by its adjoint Higgs, an octet, which makes the existence of a larger symmetry among all three families less visible.
In particular, the horizontal octet which breaks SU (3) H down to SU (2) H , not only diversifies the third family from the lighter ones, but also induces a non-trivial Clebsch structure between the 1-2 and 3 generations in the Yukawa matrices of quarks and leptons. The effect of the latter is twofold. First, it induces the complementary "large -small" (see-saw like) pattern between the neutrino and quark mixing angles, which is indeed exhibited by the observed small value of V cb and the nearly maximal ν µ − ν τ mixing. Second, it may link the neutrino mass hierarchy to that of the up-quarks in realistic way.
On the other hand, the SU (5) adjoint has proved necessary to break the 'standard' downquark and lepton degeneracy, providing different Clebsch coefficients in the Yukawa matrices. Though its role is not univocal, we have featured three Yukawa patterns characterized by what we consider as the most 'natural' Clebsch factors. A careful fit of the quark observables demonstrates that all the ansätze A, B and C reproduce quite well the down-quark masses and CKM mixing angles. What appears very interesting is that for the best-fit ranges of the parameters the predictions for the neutrino mixing angles are in good agreement with the present experimental hints. About the lepton mixing angles, we have to stress that while the outcome for the 23 neutrino mixing is a 'genuine' prediction, in strict connection only with the down-quark sector through the product rule (12) , the 12 mixing angle becomes effectively a free parameter fixed by the rotationt e 12 . Should the small angle MSW solution be confirmed in the future, then all the ansätze can account for that with different values oft e 12 . On the contrary, should the 12 neutrino mixing angle be much larger, as indicated by the large-mixing angle regime of the MSW solution, then only the lepton sector would need some refinement.
Interestingly, also the prediction for CP violation in the quark sector may lie in the observed range. In particular, all the ansätze generate a CKM matrix with the correct amount of CP violation. Though the experimental test of CP violation in the SM is not yet accomplished, this result may imply that superpartners contributions to ε K must be adequately suppressed [38] and it would be interesting to study in the theoretical models presented here the implications of the horizontal symmetry on the SUSY spectrum. that is S 3 ,S 1 ∼ M . Then it follows from (116) that
where ε = µ/S 3 ∼ µ/M . Let us assume now that the theory contains three triplets superfields A n = A ni , and their partnersĀ n =Ā i n , n = 1, 2, 3. One can incorporate them by the following terms in the superpotential:
where order 1 coupling constants are understood and A 1 A 2 A 3 ≡ ε ijk A 1i A 2j A 3k . For simplicity, we shall take all masses µ n equal, µ 1,2,3 = µ ′ < M . In addition, by assuming that the triplets have Z 3 charges different from that of S, we do not include terms like SA 2 ≡ S ij A i A j . In this way, in the exact supersymmetry limit the ground state has a continuous degeneracy (flat direction) related to unitary transformations A n → U A n with U ⊂ SU (3) A . In other terms, the superpotential W = W S + W A has an accidental global symmetry SU (3) S × SU (3) A , with two SU (3) factors independently transforming two sets of horizontal superfields, S and A. Similar considerations for triplets lead that only the values of holomorphic invariants A nĀn and A 1 A 2 A 3 are fixed from the conditions F A , FĀ = 0. Namely, by unitary transformation A n → U A n (U ⊂ SU (3) A ), one can choose a basis where the VEV of A 1 points towards the first component. Then we see that in this basis the fields A 2 and A 3 should have the VEVs towards the second and third components. In other words, in this basis the triplets have the VEVs A ni = δ i n A i , satisfying the following equations:
The three VEVs can be different and one can take say A 1 > A 2 > A 3 . The hierarchy between the latter can be fixed by soft D-terms
In the exact supersymmetry limit the values of constants Y u,c,t are not fixed -they have flat directions, with eq. (116) translated into the constraint Y u Y c Y t = ε 3 . However, we have shown that the soft supersymmetry breaking could naturally split the Yukawa constants so that Y t ∼ 1, while Y c ∼ ε and Y u ∼ ε 2 , which perfectly reflects the observed pattern if ε ∼ 10 −2 .
(For discussions on dynamical Y t in supersymmetry see also ref. [39] .) As for the triplet VEVs, in view of the operator O (24) they provide off-diagonal Yukawa entries
with the constraint A 1 A 2 A 3 = ε ′3 in the exact supersymmetry limit, while the soft breaking terms can dynamically fix their values as A 1 ∼ 1, A 2 ∼ ε ′ and A 3 ∼ ε ′2 . In the context of our work it will be clear that such hierarchy of the off-diagonal entries in Y d,e is also well suited for the observed fermion mass and mixing pattern if ε ′ ∼ 0.1. One has to remark that the above considerations are literally valid if the horizontal symmetry is global. For the case of local SU (3) H , apart from F-flatness conditions, there are eight additional conditions: the gauge D terms D a = n X † T a X, should vanish on the vacuum configuration (T a are SU (3) H generators, a = 1, ..8). Although this does not occur for the obtained VEV pattern of S and A n , one can easily imagine the theory to contain additional "spectator" superfields in different representations of SU (3) H and their VEVs are oriented so that to cancel the contributions of S and A in gauge D-terms of SU (3) H . In order not to affect the obtained solutions for S and A n , these extra superfields should not couple to the latter in the superpotential.
It is clear, that the F -term conditions F A , FĀ = 0 are the same as in (122) apart from the fact that the mass scale µ ′ should be substituted by κI, where I = I . The later is then fixed by condition F I = 0 which reads as
Hence, I 2 ≃ −Λ 2 , and if Λ 2 is positive, then I should be imaginary and so we obtain spontaneous CP violation. In other words, imaginary I means that the CP-odd component of the superfield I acquires a VEV. As a result, the 'induced' mass µ ′ = κI and so the VEV product A 1 A 2 A 3 = µ ′3 are also imaginary. Therefore, at least one of the VEVs A 1,2,3 should be complex and thus would induce the corresponding phase in the fermion Yukawa matrices.
To fix the point, we have to find the relative phase orientation between the VEVs of S and A. These should be determined by soft terms like
etc., with ζ being a real constant. In particular, the above term induces the following couplings in the Higgs potential:
Thus we see that for ζ > 0 the minimization of the ground state energy requires that in the basis when S k are real and positive, A 2 1,2,3 < 0; i.e. all triplets have imaginary VEVs. For ζ < 0 we see instead that A 1,2 prefer to be real. From the couplings (130) also the smallest VEV A 3 would prefer to be real; however it is forced to have a complex phase π/2 by the constraint that the product A 1 A 2 A 3 is imaginary. In the context of our paper, Both these cases can be of interest for the CP-breaking phases of the fermion Yukawa textures discussed in this work.
